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LOWER BOUNDS OF THE NUMBER OF JUMP OPTIMAL

LINEAR EXTENSIONS : PRODUCTS OF SOME POSETS

HYUNG CHAN JUNG

1. Introduction

Let P be a finite poset and let|P| be thenumber of verticesin P. A
subposetof P is a subset ofP with the induced order. Achain C in P is a
subposet ofP which is a linear order. Thelengthof the chainC is |C| − 1.
A linear extensionof a posetP is a linear orderL = x1, x2, . . . , xn of the
elements ofP such thatxi < xj in P implies i < j . LetL(P) be the set of
all linear extensions ofP. E. Szpilrajn [5] showed thatL(P) is not empty.

Let P, Q be two disjoint posets. Thedisjoint sum P+ Q of P andQ is
the poset onP ∪ Q such thatx < y if and only if x, y ∈ P andx < y in P
or x, y ∈ Q andx < y in Q. Thelinear sum P⊕ Q of P andQ is obtained
from P + Q by adding the relationx < y for all x ∈ P andy ∈ Q.

Throughout this section,L denotes an arbitrary linear extension ofP. Let
a, b ∈ P with a < b. Thenb covers a, denoteda ≺ b, provided that for any
c ∈ P, a < c ≤ b implies thatc = b. A (P, L)-chain is a maximal sequence
of elementsz1, z2, . . . , zk such thatz1 ≺ z2 ≺ · · · ≺ zk in bothL andP. Let
c(L) be the number of(P, L)-chains inL.

A consecutive pair (xi , xi+1) of elements inL is a jump(or setup) of P in
L if xi is not comparable toxi+1 in P. The jumps induce a decomposition
L = C1⊕· · ·⊕Cm of L into (P, L)-chainsC1, . . . ,Cm wherem= c(L) and
(maxCi ,minCi+1) is a jump ofP in L for i = 1, . . . ,m− 1. Lets(L , P) be
the number of jumps ofP in L and lets(P) be the minimum ofs(L , P) over
all linear extensionsL of P. The numbers(P) is called thejump numberof
P. If s(L , P) = s(P) then L is called a(jump) optimal linear extensionof
P. Thewidthω(P) of P is the maximal number of elements of anantichain
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(mutually incomparable elements) ofP. We denote the set of all optimal
linear extensions ofP by O(P). M. Chein and M. Habib [1] introduced
several aspects of jump number. H.C. Jung [2] studied jump number of some
classical posets, Young’s Lattice and Subspace Lattice.

Let N = {x1 < y1, x2 < y1, x2 < y2} be a poset. ThenL1 = x1x2y1y2,
L2 = x1x2y2y1, L3 = x2x1y1y2, L4 = x2x1y2y1, L5 = x2y2x1y1 are all
the possible linear extensions. Thus|L(N)|=5. Also,s(N)=1 andL5 is the
only one optimal linear extension ofN, that is, |O(N)|=1. It is clear that
|O(P)| ≤ |L(P)|. In this paper, we are interested in counting optimal linear
extensions of some posets.

In section 2, we introduce elementary examples of counting optimal linear
extensions. In section 3, we count jump optimal linear extensions of some
products of posets.

2. Elementary Examples

In this section we count optimal linear extensions of some elementary
posets by direct counting. Ak-chaink is a chain of lengthk− 1.

EXAMPLE 2.1. We can easily gets(a1+· · ·+an) = n−1. Letai1, . . . , ain
be any rearrangement ofa1, . . . , an. Then any optimal linear extension of
a1+· · ·+an can be expressed asai1⊕· · ·⊕ain . Thus we get|O(a1+· · ·+an)| =
n!.

Let Im = 1+ · · · + 1 (m times). We define ageneralized towerto be a
posetTm

n = Im ⊕ · · · ⊕ Im (n times).

EXAMPLE 2.2. Since every linear extension is also optimal linear extension,
we get easilys(Tm

n ) = mn− n and|O(Tm
n )| = (m!)n.

An upward[downward] rooted tree Tu [Td] is a poset whose diagram is an
upward [downward] rooted tree.

EXAMPLE 2.3. LetT = Tu or Td. Then we gets(T) = ω(T) − 1. Let
A = {x1, . . . , xω(T)} be maximum size antichain ofT . For eachL ∈ O(T),
let L A be a subposet ofL which is a linear extension ofA. ThenL A ∈ O(A).
Conversely, for eachl ∈ O(A) there exists a uniqueL [l ] ∈ O(T) such that
L [l ]

A = l . Hence|O(T)| = |O(A)| = ω(T)!.
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Let Km,n = {xi < yj for i = 1, . . . ,m and j = 1, . . . , n} be acomplete
bipartite poset.

EXAMPLE 2.4. Since every linear extensionL hasm+ n − 1 (Km,n, L)-
chains,s(Km,n) = m+ n− 2. Now every linear extension ofKm,n is optimal
linear extension ofKm,n. Thus we get|O(Km,n)| = m!n!.

A standard poset on n elements Sn is defined to be{xi < yj for i 6=
j , andi = 1, . . . , n and j = 1, . . . , n}.

EXAMPLE 2.5. Since every optimal linear extensionL of Sn has exactly
two (Sn, L)-chains of length one,s(Sn) = 2n− 3. Hence|O(Sn)| =

( n
n−2

) ·
(n− 2)! · 2 · (n− 1)! = n!(n− 1)!.

A Fences(orzigzag) onn elements is a posetFn = {a1 < a2, a2 > a3, . . . }.
EXAMPLE 2.6. Note thats(Fn) = d n

2e − 1. Letm be a positive integer.
If n = 2m, Fn = {a2i−1 < a2i , a2 j > a2 j+1, for i = 1, · · · ,m and j =
1, · · · ,m− 1}. ThusL = ⊕m

i=1{a2(m−i )+1, a2(m−i )+2} is the only one optimal
linear extension ofF2m.
If n = 2m+ 1, Fn = {a2i−1 < a2i , a2 j > a2 j+1, for i = 1, · · · ,m and j =
1, · · · ,m}. For anyL ∈ O(Fn), we have

L = {a} ⊕ L ′ wherea = a2i+1 for i = 0, . . . ,m, andL ′ ∈ O(Fn \ {a}).

For eacha = a2i+1, we haveFn \ {a} = F2i
⋃

F2m−2i whereF2i andF2m−2i

are disjoint. Thus|O(Fn \ {a})| =
(m

i

)
, and|O(Fn)| =

∑m
i=0

(m
i

) = 2m.
Hence we get

|O(Fn)| =
{

1 if n is even

2(n−1)/2 otherwise.

For intergersn, k with n ≥ 0 andk ≥ 0, thegeneral crown Skn is the
poset of unit length withn + k minimal elementsx1, . . . , xn+k and n + k
maximal elementsy1, . . . , yn+k. The order onSk

n is defined byxi < yj iff
j /∈ {i, i + 1, . . . , i + k}, where addition is modulon+ k. Whenk = 0, we
getS0

n = Sn.

EXAMPLE 2.7. Any optimal linear extensionL of Sk
n is of the following

form:
L = D1⊕ C1⊕C(k)⊕ C2⊕ D2
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whereDj is linear sums ofn− 2 one element(Sk
n, L)-chains, andCj is a two

element(Sk
n, L)-chain for j = 1, 2, andC(k) is a linear sums ofk two element

(Sk
n, L)-chains. Thens(Sk

n) = 2n+ k− 3. Note that for each fixedC1 there
are(n − 2)! choices forD1, and 2k choices forC(k), andn − 1 choices for
C2, and(n− 2)! choices forD2. Also, there are(n + k)(n − 1) choices for
C1. Hence|O(Sk

n)| = 2k(n+ k){(n− 1)!}2.

3. Main Results

Let P, Q be two posets. Thedirect product P×Q of P andQ is the poset
on {(p, q) : p ∈ P, q ∈ Q} where(a, b) ≤ (c, d) if and only if a ≤ c in P
andb ≤ d in Q. Let Pn be P × · · · × P (n times).

We consider the poseta1×· · ·×an wherea1, . . . , an are positive integers.
We assume thatai ≥ 2 for i = 1, . . . , n and leta∗ = max{a1, . . . , an}.
Without loss of generality, we assume thata∗ = a1.

H.C. Jung [3] found jump number of products of chains.

PROPOSITION3.1.

s(a1× · · · × an) = (
∏n

i=1
ai )/a

∗ − 1.

Let [k] be {1, . . . , k}. Let Gk be the symmetric group on [k]. Define an
action Gk × O(mk) → O(mk) by (σ, L) 7→ σ(L) whereσ(L) is a linear
order inmk determined by applying an elementσ ∈ Gk to the linear order
L ∈ O(mk), i.e., if L = x1x2 . . . xmk , thenσ(L) = σ(x1)σ (x2) . . . σ (xmk).
For any(mk, L)-chainC, σ(C) is a(mk, σ (L))-chain. Thusσ(L) is also an
optimal linear extension ofmk, and this action is well-defined.

THEOREM3.2. We obtain the lower bound of|O(mn)|,

|O(mn)| ≥
∏n

k=1
kmn−k

.

Proof. Let σi = (i, k + 1) ∈ Gk+1 for i = 1, . . . , k. For eachy =
(y1, . . . , yk, p) ∈ mk+1, defineσi (y) = (y1, . . . , yi−1, p, yi+1, . . . , yk, yi ).
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If x < y in mk+1, thenσi (x) < σi (y) in mk+1. Thus if Lp = x1x2 . . . xmk

∈ O(mk × {p}) then

σi (Lp) = σi (x1)σi (x2) . . . σi (xmk) ∈ O(mi−1 × {p} ×mk−i+1).

LetOp
o = O(mk×{p}). Then|O(mi−1×{p}×mk−i+1)| = |Op

o | = |O(mk)|.
ForLp ∈ Op

o wherep = 1, . . . ,m, letL = L1⊕L2⊕· · ·⊕Lm. By Proposition
3.1,c(Lp) = mk−1 for eachp = 1, . . . ,m, so we getc(L) = mk−1 ·m= mk.
Thus Proposition 3.1 impliesL ∈ O(mk+1). Let

Oo = {L : L = L1⊕ L2⊕ · · · ⊕ Lm for Lp ∈ Op
o wherep = 1, . . . ,m}.

ThenOo ⊆ O(mk+1) and |Oo| = |O(mk)|m. Now L ∈ O(mk+1) implies
σi (L) ∈ O(mk+1).
For i = 0, 1, . . . , k, letOi = {σi (L) : L ∈ Oo}. Then|Oi | = |O(mk)|m. But
Oi ∩Oj = ∅ for 0 ≤ i < j ≤ k. Hence(k+ 1)|O(mk)|m ≤ |O(mk+1)|, and
by induction we get

∏n
k=1kmn−k ≤ |O(mn)|.

In general, equality does not hold. For example, consider 33 = {(i, j , k) :
i, j , k = 1, 2, 3}. Let C(i, j ) = {(i, j , l ) : l = 1, 2, 3}. ThenL = C(1, 1)⊕
C(1, 2)⊕C(2, 1)⊕C(1, 3)⊕C(2, 2)⊕C(3, 1)⊕C(2, 3)⊕C(3, 2)⊕C(3, 3)
is not the form counted in Theorem 3.3. It is clear that|O(mn)| ≤ |L(mn)|.

A Boolean algebra Bn on n elementsis 2n.

COROLLARY 3.3.
|O(Bn)| ≥

∏n

k=1
k2n−k

.

THEOREM3.4. Let a1 = . . . = ai > ai+1 ≥ ai+2 ≥ · · · ≥ an, then

|O(a1 × · · · × an)| ≥ |O(a1× · · · × ai )|
∏n

j=i+1aj |L(ai+1 × · · · × an)|.

Proof. For any y ∈ ai+1 × · · · × an, define Iy(x) = (x, y) wherex ∈
a1 × · · · × ai . Given l = z1z2 . . . za1···ai ∈ O(a1 × · · · × ai ), we define
Ey(l ) = Iy(z1)Iy(z2) . . . Iy(za1···ai ). Sincec(l ) = c(Ey(l )), Proposition 3.1
impliesEy(l ) ∈ O(a1× · · · × ai × {y}).
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Let l2 ∈ L(ai+1 × · · · × an). For eachy ∈ l2, choosel y ∈ O(a1 × · · · × ai ).
Now we define

s(l2, {l y : y ∈ l2}) = (⊕Ey(l y) : y ordered as inl2).

Sincec(s(l2, {l y : y ∈ l2})) =
∏n

i=2ai , Proposition 3.1 implies thats(l2, {l y :
y ∈ l2}) is an optimal linear extension ofa1×· · ·×an. Let S(l2) = {s(l2, {l y :
y ∈ l2})}. Then

|S(l2)| = |O(a1 × · · · × ai )|
∏n

j=i+1aj .

Note that for anyl2, l
′
2 ∈ L(ai+1 × · · · × an), S(l2) ∩ S(l

′
2) = ∅. Now let

O = ∪S(l2) wherel2 ∈ L(ai+1 × · · · × an). Thus

|O| = |O(a1× · · · × ai )|
∏n

j=i+1aj |L(ai+1 × · · · × an)|.
Since|O(a1 × · · · × an)| ≥ |O|, we get the desired results.

COROLLARY 3.5. Let a = a1 = . . . = ai > ai+1 ≥ ai+2 ≥ · · · ≥ an, then

|O(a1 × · · · × an)| ≥ (
∏i

k=1
kai−k

)
∏n

j=i+1aj |L(ai+1 × · · · × an)|.

In the above Corollary, equality does not hold in general. For example,
consider 4× 4× 3. Let Ci j = {(l , i, j ) : l = 1, 2, 3, 4}. We can choose an
optimal linear extensionL = C11⊕C12⊕ C21⊕ · · · which is not counted.

References

1. M. Chein and M. Habib,The jump number of dags and posets: an introduction, Ann. Disc.
Math.9 (1980), 189-194.

2. Hyung Chan Jung,Young’s Lattice and Subspace lattice: jump number, greediness, J. Korean
Math. Soc.29 (1992), 423-436.

3. Hyung Chan Jung,On the products of some posets:jump number, greediness, Ars Combina-
toria (to appear).

4. Ivan Rival,Linear Extensions of Finite Ordered Sets, Annals of Discrete Math.23 (1984),
355-370.

5. E. Szpilrajn,Sur l’extension de l’ordre partiel, Fund. Math.16 (1930), 386-389.

LIBERAL ARTS ANDSCIENCES, KOREAINSTITUTE OFTECHNOLOGY ANDEDUCATION, GAJEON-RI,
BYUNGCHON, CHONAN, CHUNGNAM, 333-860, KOREA, EMAIL : HCJUNG@KITENMS.KITE.AC.KR

176


