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LOWER BOUNDS OF THE NUMBER OF JUMP OPTIMAL
LINEAR EXTENSIONS : PRODUCTS OF SOME POSETS

HYUNG CHAN JUNG

1. Introduction

Let P be a finite poset and lg¢P| be thenumber of verticesn P. A
subposetf P is a subset of with the induced order. &Ahain Cin P is a
subposet o which is a linear order. Theengthof the chainC is |C| — 1.
A linear extensiorof a posetP is a linear ordelL = X3, X, ... , X, Of the
elements ofP such thatx; < x; in P impliesi < j. Let L(P) be the set of
all linear extensions oP. E. Szpilrajn [5] showed thaf(P) is not empty.

Let P, Q be two disjoint posets. Thaisjoint sum P+ Q of P andQ is
the poset orP U Q such thatx < yifand only ifx,y € P andx < yin P
orx,y € Qandx < yin Q. Thelinear sum P® Q of P andQ is obtained
from P + Q by adding the relation < y for all x € P andy € Q.

Throughout this sectiorl, denotes an arbitrary linear extensionRf Let
a, b € P with a < b. Thenb covers adenoteda < b, provided that for any
c e P,a < c < bimplies thatc = b. A (P, L)-chainis a maximal sequence
of elementsy, 7z, ... , z, such thatzy < zo < --- < zc in bothL andP. Let
c(L) be the number ofP, L)-chains inL.

A consecutive pairx;, ;1) of elements irL is ajump (or setup of P in
L if x; is not comparable taj,; in P. The jumps induce a decomposition
L=C1&---®dCyoflLinto (P, L)-chainsCy, ..., Cy,wherem = c(L) and
(maxCij, minCjq)isajumpofPinL fori =1,... ,m—1. Lets(L, P) be
the number of jumps oP in L and lets(P) be the minimum o&(L, P) over
all linear extensiong& of P. The numbes(P) is called thgump numbeiof
P. If s(L, P) = s(P) thenL is called a(jump) optimal linear extensioof
P. Thewidthw(P) of P is the maximal number of elements of antichain
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(mutually incomparable elements) &. We denote the set of all optimal
linear extensions oP by O(P). M. Chein and M. Habib [1] introduced
several aspects of jump number. H.C. Jung [2] studied jump number of some
classical posets, Young's Lattice and Subspace Lattice.

Let N = {X1 < y1, X2 < VY1, X2 < Y2} be a poset. Theh; = x3Xoy1Y>,
Lo = XiXoYoY1, Lz = XoX1Y1Y2, La = XoX1Yay1, Ls = XayoXqy; are all
the possible linear extensions. ThHU¥N)|=5. Also,s(N)=1 andLs is the
only one optimal linear extension ™, that is,|O(N)|=1. It is clear that
|O(P)| < |L£(P)|. In this paper, we are interested in counting optimal linear
extensions of some posets.

In section 2, we introduce elementary examples of counting optimal linear
extensions. In section 3, we count jump optimal linear extensions of some
products of posets.

2. Elementary Examples

In this section we count optimal linear extensions of some elementary
posets by direct counting. R-chaink is a chain of length — 1.

EXAMPLE 2.1. We caneasilygsta; +---+a,) =n-1. Leta, ..., &,
be any rearrangement af, ... ,a,. Then any optimal linear extension of
1+ - -+3ay can be expressedas®d- - -@a;,. Thuswe getO(as+- - -+an)| =
nl. - o

Letl, =1+ -4 1 (mtimes). We define generalized toweto be a
posetT"=In @ -+ @ Iy (ntimes).

EXAMPLE 2.2. Since every linear extension is also optimal linear extension,
we get easilys(T.") = mn—nand|O(T.")| = (mH)".

An upward[downward rooted tree T [Ty] is a poset whose diagram is an
upward [downward] rooted tree.

EXAMPLE 2.3. LetT = T, or Tq. Then we ges(T) = w(T) — 1. Let
A= {Xq, ..., Xy} be maximum size antichain @f. For eachL € O(T),
let L o be a subposet df which is a linear extension &k. ThenL o € O(A).
Conversely, for each € O(A) there exists a unique! € O(T) such that
LI = 1. HencelO(T)| = |O(A)| = &(T)!.
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LetKmn={Xi <yjfori=1 ..., mandj=1,...,n}beacomplete
bipartite poset

EXAMPLE 2.4. Since every linear extensianhasm +n — 1 (K, L)-
chainss(Knn) = m+n— 2. Now every linear extension ¢, ,, is optimal
linear extension oKy, . Thus we getO(Knn)| = minl.

A standard poset on n elementg S defined to be{x; < y; fori #
j,andi=1,...,nandj =1,...,n}.

EXAMPLE 2.5. Since every optimal linear extensianof S, has exactly
two (S,, L)-chains of length ones(S,) = 2n — 3. HencelO(S)| = (nEZ) .
n=2!.2-n=D!'=n'(n—- D

A Fencedqorzigzagonnelementsisaposé}, = {a; < ap,ap > ag, ... }.

ExAMPLE 2.6. Note thas(F,) = [5] — 1. Letm be a positive integer.

Ifn=2m, F, = {ag_1 < ag,apj > aj41, fori = 1,--- mandj =
1,---,m—1}. ThusL = & {axm-i)+1, 82m-i)+2} is the only one optimal
linear extension of,.

Ifn=2m+ 1, F, = {ag_1 < ay, apj > aj41, fori =1,--- mandj =
1,---,m}. ForanyL € O(F,), we have

L ={a}® L' wherea=ay,;fori =0,...,m, andL’ € O(F, \ {a}).

For eacha = a1, we haveR, \ {a} = Fy | Fom—2i whereF; andFom_zi
are disjoint. ThusO(F, \ {a})| = (), and|O(Fn)| = Y10, (T) = 2™.
Hence we get

if nis even

1
O(Fy)| =
[O(F)| {2(n—l)/2 otherwise

For intergersn, k with n > 0 andk > 0, thegeneral crown §is the
poset of unit length witm + k minimal elementsy, ... , X,,k andn + k
maximal elementyy, ... , Yoik. The order onS! is defined byx, < y; iff
j¢f{i,i+1,...,i 4k}, where addition is modulo + k. Whenk = 0, we
getS = S..

EXAMPLE 2.7. Any optimal linear extensioh of § is of the following
form:
L=D:1®C1®CK) ®C® D
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whereD; is linear sums oh — 2 one elements:, L)-chains, and; is atwo
element S, L)-chain forj = 1, 2, andC(k) is a linear sums df two element
(S}j, L)-chains. Them(sﬁ) = 2n + k — 3. Note that for each fixe@, there
are(n — 2)! choices forD;, and ¥ choices forC(k), andn — 1 choices for
C,, and(n — 2)! choices forD,. Also, there argn + k)(n — 1) choices for
Ci1. HencelO(S9)| = 25(n + k) {(n — 1)!}2.

3. Main Results

Let P, Q be two posets. Theirect product Px Q of P andQ is the poset
on{(p,q): pe P,qe Q}where(a,b) < (c,d)ifandonlyifa<cinP
andb <din Q. LetP"beP x --- x P (ntimes).

We consider the posat x - - - x a, whereay, ... , a, are positive integers.
We assume thaty > 2 fori = 1,...,n and leta* = maxay, ..., an}.
Without loss of generality, we assume that= a;.

H.C. Jung [3] found jump number of products of chains.

PROPOSITION3.1.
n
s@ x---xa)=(]_a)a -1

Let [k] be {1,...,k}. Let GX be the symmetric group ok]} Define an
actionG* x O(m*) - OmM) by (¢,L) — o (L) whereo (L) is a linear
order inmK determined by applying an elememte GX to the linear order
L e OmY), ie., if L = X1Xo. .. Xmk, theno (L) = o (X1)o (X2) . ..o (k).
For any(mK, L)-chainC, o (C) is a(m¥, o (L))-chain. Thuss (L) is also an
optimal linear extension af¥, and this action is well-defined.

THEOREM3.2. We obtain the lower bound ¢O(m™)|,

n n mn—K
0@ = [ _ k"

Proof. Leto; = (i,k+ 1) € Gk fori = 1,...,k. For eachy =
(ylv - Yio p) € mk+l! deﬁneO’i (Y) = (YL e Yi-1 By Vit - - -5 Yk yl)
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If x < yinm<te, thenoi(x) < oi(y) in M2 Thus ifLp = X1Xa. . . Xnx
e O(m* x {p}) then

i (Lp) = 01 (X1)0i (X2) . . . 07 (X)) € O(M' ™ x {p} x mk=1+1y,

LetO5 = O(m* x {p}). Then|OM'~* x {p} x M"*1)| = |OF| = [O(mM¥)].

ForL, € OSwherep=1,...,m,letL = L1@®L,®- - -®Ln. ByProposition
3.1,c(Lp) = mk-tforeachp=1,...,m,soweget(L) = m“1.m=mk

Thus Proposition 3.1 impliels € O(mkt1). Let

Oo={L:L=L1®Ly®---@®LnforL, e O wherep=1,...,mj.

Then®, € OM*t1) and|Oy| = |OM|™. Now L € O(m ) implies
0i(L) € O(mH).

Fori =0,1,...,k let®; = {oi(L) : L € Op}. Then|O;| = |O(M¥)|™. But
ONO; =@for0<i < j <k Hencekk + 1)|Om*)|™ < |Om**1)|, and
by induction we gefJ_.k™ " < |Om")|.

In general, equality does not hold. For example, considet 3, j, k) :
i,j,k=123}. LetC(, j)={G, j,1):1 =1,2,3}. ThenL =C(1,1) &
C(1,2eC(2,1)8aC(1,3)pC(2,2)9pC(3,1)eC(2,3)dC(3,2pC(3,3)
is not the form counted in Theorem 3.3. Itis clear tRa(m™)| < |£L(m")].

A Boolean algebra Bon n elementss 2".
COROLLARY 3.3. . )
2=
0B =[] _ K"

THEOREM3.4. Leta; = ... =& > &1 > @42 > --- > an, then

0@y x -+ x an)| > 0@y x - - Xi)|ﬂ?=i+1aj|£(ﬂx X a)l.

Proof. For anyy € a1 x --- x @, definely(x) = (X,y) wherex e
g X ---xa. Givenl = z125...25..4 € O(@ x --- x &), we define
Ey() = ly(z)ly(22) ... ly(Zay.a)- Sincec(l) = c(Ey(l)), Proposition 3.1
impliesEy(l) € O(ag x --- x & x {y}).
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Letl, € £(ai+1 X -+ x &). For eachy € I, choosdy € O(ag x - -+ x &).
Now we define

sz, {ly 1y €l2}) = (@Ey(ly) : y ordered as imy).

Sincec(s(lo, {ly 1 y € I3})) = ]_[i”:zai, Proposition 3.1 implies tha(,, {ly :
y € I2}) isan optimal linear extensionaf x - - - x a,. LetS(l2) = {s(l2, {ly :
y € lo)}. Then

1S(2)| =[Oy x - -+ x &) =3,

Note that for anylz, |, € L(@41 x -+ x &), S(I2) N S(I) = ¥. Now let
O = US(,) wherel, € L(ﬂ X -+ x an). Thus

0] = 0@y x --- x ﬂ)ln?=i+1aj IL(@ig1 X -+ X @)l
Since|O(a; x --- x a)| > |O], we get the desired results.

COROLLARY 35. Leta=a;=...= & > &1 > 842 > --- > a,, then

i i n )
0@y x -+ x a)| > (nk:1ka V=i IL(@is1 X - X ).

In the above Corollary, equality does not hold in general. For example,
consider 4x 4 x 3. LetCj; = {(,i, j) :1 =1,2,3,4}. We can choose an
optimal linear extensioh = C11 @ C12® C21 @ - - - which is not counted.
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