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h-STABILITY OF DIFFERENTIAL
SYSTEMS VIA t-SIMILARITY

SUNG KYu CHol, NamM Jp Koo AND HYUN SOOK Ryu

ABSTRACT. In recent years M. Pinto introduced the notion of h-stability. He
extended the study of exponential stability to a variety of reasonable systems
called h-systems.

We investigate h-stability for the nonlinear differential systems using the
notions oft,,-similarity and Liapunov functions.

1. Introduction and Basic Notions

We consider the nonlinear nonautonomous differential system
(1) X'=f(t,x), X(to) = Xo,

wheref € C(RT x R", R") andR" = [0, co). We assume that the Jacobian
matrix fy = S_I( exists and is continuous dd™ x R" and f(t, 0) = 0. The
symbol|.| denotes arbitrary vector norm d@{'.

Let x(t) = X(t, to, Xo) be denoted by the unique solution of (1) through
(to, Xo) In RT x R" such thatx(tg, tg, Xo) = Xo. Also, we consider the
associated variational systems

(2) vV = fy(t, 0O, v(tg) = vo
and
(3) Z = fy(t, X(t, to, X0))z, z(tg) = Zo.

Received December 3, 1996.

1991 Mathematics Subject Classification: 34D10.

Key words and phrases: h-stability,-similarity, Liapunov function.

This study was partially supported by the Basic Science Research Institute Program, Ministry
of Education, 1996, Project No. BSRI-96-1428 and the Post-Doctoral Program, Korea Research
Foundation, 1996.



Sung Kyu Choi, Nam Jip Koo and Hyun Sook Ryu
The fundamental matrix solutioh(t, to, 0) of (2) is given by
0
d(t, t0,0) = —X(t, 1, 0)
0Xp
and the fundamental matrix solutidn(t, to, Xo) of (3) is given by
0
O (1, tg, Xg) = —X(t, to, Xo).
(t, to, Xo) 3% (t, to, Xo)
We recall some notions of h-stability [9].

DEFINITION 1.1. The system (1) (or the trivial solution= 0 of (1)) is
called

(hS)h-stableif there existt > 1, § > 0 and a positive bounded continuous
functionh onR* such that

IX(1)] < clXolh(t)h(to) ™*

fort > tp > 0 and|xg| < 6,

(GhS)globally h-stabldf in (hS) thes < oo,

(hSV) h-stable in variationf (3) (or z = 0 of (3)) ish-stable,

(GhSV) globally h-stable in variationf (3) (or z = 0 of (3)) is globally
h-stable.

The notion of h-stability(hS) was introduced by Pinto [9, 10] with the
intention of obtaining results about stability for a weakly stable system (at
least, weaker than those given exponential asymptotic stability) under some
perturbations. That is, Pinto extended the study of exponential asymptotic
stability to a variety of reasonable systems called h-systems [8].

Pinto studied the important properties about hS for the various differential
systems and the nonlinear differential systems [8, 10].

We investigated hS for the nonlinear Volterra integro-differential system
[2] and for the nonlinear perturbed systems [3]. Moreover, the concepts
of Lipschitz stablity and exponenetial asymptotic stability which are closely
related to hS were studied for the nonlinear functional differential systems [4].

Let 9t denote the set of alh x n continuous matriceé\(t) defined on
R* = [0, 00) and & be the subset o)t consisting of those nonsingular
matricesS(t) that are of clas€? with the property thas(t) and S1(t) are
bounded.
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DEFINITION 1.2. A matrixA(t) € 9t is t.-similarto a matrixB(t) € M
if there exists am x n matrix F (t) absolutely integrable ovék™, i.e.,

/ |F(t)|ds < o0
0
such that

(4) S(t) + S(t)B(t) — A(t)S(t) = F(t)

for someS(t) € G.
It is not hard to show that thig,-similarity is an equivalence relation.

In[5], Hewer introduced the notion &f, -similarity and studied the stability
properties of the variational equation. This approach includes most types of
stability.

In this paper we investigate hS for the nonlinear differential systems using
the notions ot,.-similarity and Liapunov functions.

2. Main Result

For the linear systems, note that
GhSV <& GhS« hS < hSV

by Theorem 1 in [2]. Also, the linearized system inherits the property of hS
from the original nonlinear system, i.e., the solutioa= 0 of (2) is hS when
the solutionx = 0 of (1) is hS [2, Theorem 3.4]. Further, in the following
theorem (its proof is an adaptation of Theorem 4.1 in [5]), we can show that

GhSV <« GhS and hSs hSV

by using the concept df,-similarity.
To do this, we need the following lemma. It is very effective to show hS
for the linear systems.

373



Sung Kyu Choi, Nam Jip Koo and Hyun Sook Ryu

LEMMA 2.1. [9, Lemma 1] The linear system
(L) X' = At)X, X(tp) = Xo,

where A(t) is ann x n continuous matrix, is hS if and only if there exist a
constant > 1 and a positive continuous bounded functiodefined oriR*™
such that for everyg in R",

| (t, to, Xo)| < ch(t)h(to)™*

for allt >ty > 0, whered (1, to, Xo) is a fundamental matrix of (L).

THEOREM 2.2. Assume thatff,(t, 0) ist,,-similar to fy(t, X(t, to, Xo)) for
t > tg > 0 and|xg| < § for some constarét > 0. Then the solutioz = 0 of
(3) is a hS provided the solutian= 0 of (2) is hS.

Proof. Sincev = 0 of (2) is hS, by Lemma 2.1 there exist a constant 1
and a positive continuous bounded functiormefined onR* such that for
everyxp € R",

D (t, to, 0)] < ch(t)h(to) ™

forallt > tg > 0, whered®(t, tg, 0) is the fundamental matrix solution of
(2). Letd(t, tg, Xp) denote the fundamental matrix solution of (3). Then itis
easily seen by differentiating that the solutis) of (4) is

t
S(t) = d(t, to, O)[S(to)+/ ®1(s, to, 0)F(S)D (S, to, Xo)ds|®L(t, to, Xo)

fo

fort > tg > 0. Note that
d(t, 1o, Xo) = P(L, S, X(S, to, X)) P (S, to, Xo)

forallt > s > t;. Thus we have

t
®(t, to, Xo) = SH(H)[D (L, to, 0) S(to) + / d(t,s,0)F(S)D(s, to, Xp)ds].

to
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Then from Lemma 2.1 and by virtue of the boundednesS(bf and S~1(t)
there are positive constardsandc, such that

|D(t, to, Xo)| < |SHD)|[|D(t, to, 0)]|S(to)]
t
+ | 1D(t, s, 0|F(S)]|D(S, to, X0)[dS]
to

t
< achh(te) ™ + cics / h(t)h(s) |F(9)||D (S, to, Xo)|ds.

to
By the well-known Gronwall inequality, we have

t
h(t) " ®(t, t, Xo)| < Cah(to) ™ + 3 / h(s) @ (s, to, Xo)||F(S)|ds

to

t
< csh(to) texp( [ [F(s)|d9)
to

<ch(to)™, c=csexp[ |F(9)lds

Hence we obtain
|®(t, to, Xo)| < ch(hh(t) ™, 0=<to=t,
for some positive constant> 1. O

REMARK. Theorem 3.5 in [2] is a corollary of Theorem 2.2, since
t t
| IF®Ids= [ 1650~ fu(s.x(s.to. xo)Ids < .
to to

whenS(t) = I.

COROLLARY 2.3. Under the same conditions of Theorem 2.2, the solution
x =0o0f (1) is hSV.
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ExamMPLE. Consider the Ricatti scalar equation

(S) X' =AM (=X +%x?), X(tg) = Xo, A € C(RY),

whose general solutionigt, to, Xo) = [1-|-(X°*1) expftz r)ds) Lt > tg >

Xo

0. We claim thatf, (t, 0) and fy(t, X(t, tg, X)) arets-similar if |Xg| < %

Proof. We obtain two variational systems on the solutgh to, Xg) of (S)
as the following :

(V-1) v = fy(t, O = —A(t)v

and

(V-2) t

Z = fy(t, x(t, 1, X0))z = A(t){—1+ 2[1 + (XOX_ 1) exp | A(s)ds)] Y}z
0 to

Thus the fundamental matrix solutid@n(t, to, 0) of (V-1) is given by

t
Dd(t,t,0) = —exp| —A(s)ds

to

and the fundamental matrix solutidn(t, to, Xo) of (V-2) is given by

d
d(t, to, Xo) = Wx(t, to, Xo)
0

—exp/; A(s)ds
" [Xo(1+ expftz A(s)ds) — expftz A(s)ds]?’

Then we have

t
|D(t, to, 0)] < exp(— [ A(s)ds) = h(t)h(to) ™,

to

whereh(t) = exp(— fg A(s)ds). Hencev = 0 of (V-1) is hS. Also, there
existsF (t) absolutely integrable ové™, i.e.,

/OO [F(s)|ds < oo
0
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such that
S(t) + S(t) fy(t, 0) — fy(t, X(t, tg, X)) S(t) = F(t)

for someS(t) = exp(— fg A(s)yds) andAi(t) € L1(R™), since
fmlF(S)ldssfooS/\(s)exp(—/ A(r)dr)ds
0 0 0

t
= [—5exr1—/ A(s)d9)]g” < oo.
0

Thus fy(t, 0) and fy (t, X(t, to, X)) arety,-similar. Thereforez = 0 of (V-2)
is hS by Theorem 2.2. O

Now, we shall prove Massera type converse theorem for hS by using
Theorem 2.2 and Liapunov functions. The techniques and results are similar
to those of [6].

We define the Liapunov functions

D"V (t, X) = Sir& sup%[V(t + 68, x+8f(t, X)) — V(t, X)]
for (t, x) € R* x R™ and for the solutiorx(t) = X(t, to, Xo) of (1),
DV (t, x(t)) = Jim sup;—L[V(t + 8, X(t + 8)) — V(t, X)].
Then it is well-known that

DV (t, x) = DTV(t, x(t))
if V(t, X) is Lipschitzian inx for eacht.

THEOREM 2.4. If x = 0 of (1) is GhS andf(t, 0) is ty-similar to
fx(t, X(t, to, X0)). Suppose further thdt' (t) exists and is continuous on
R*. Then there exists a functidh(t, x) satisfying the following properties :

() V e C(RT x R", R™) andV (t, x) is Lipschitzian inx for eacht € R*.

(i) |x] = V(,x) <clx|, (t,x) e Rt x R".

(i) DYV (t, x) <h'®Oh®) V(L %), %) € RY x R,
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Proof. Define the Liapunov function

V(t, X) = sup|x(t + 7, t, x)|h(t + )" th(t)

>0

wherex(t + 1, t, X) is a solution of (1) fort, x) € R* x R". From GhS of
(1) we have

IX(t, to, Xo)| < C[Xolh(N(t))™, t>19>0, [Xo| < .
Furthermore, we obtain

sup|x(t + 7, t, x)|h(t 4+ ) h(t) > |x(t, t, x)| = |X]|

>0

and
V(t, x) < c|x|h(t + t)ht) " *h(t + 1) h(t) = c|x].

Therefore (ii) is satisfied. From the definition of hS and uniqueness of solutions
of (1) it follows thatV (t, x) is defined oR* x R".

We showthaV (t, x) is Lipschitzianinxforeacht € R*. Let(t, x), (t,y) €
R* x R". Then we have

IV (t, x) — V(t, y)| < |sup|x(t + 7, t, X)|h(t + ) "th(t)

>0

— sup|x(t + 7, t, y)|h(t + ) "th(t)|

>0

< supix(t 4+ 7, t, X) — x(t 4+ 7, t, y)|h(t + )" h(t).

>0

Since for eachxg andyp in a convex subsdd of R"

[X(t, to, Xo) — X(t, to, Yo)| < [Xo — Yol SUp|®(t, to, n)|
nebD

[6], we have

IV(t, x) = V(t, y)| < [x = yIsup|®(t + 7, t, plh(t + )" h(t).

nebD

378



h-stability of differential systems vig,-similarity

Now, by Theorem 2.2 and Lemma 2.1, we obtain
IV(t, %) = V(t, y)| < Ix = ylch(t + h®)"*h(t + 7)"*h(t)
=clx-—yl
This implies thaWV (t, x) is Lipschitzian inx for eacht.

Next, the continuity oWV (t, x) can be proved as in Theorem 3.6.1 of [6].

We can compute the following by the uniqueness of solutions and the
definition of hS.

DV, x(t))

1
= lim sup=[V({t + 38, x(t+34,t,x)) — V(t, X)]
§—0+ b}

_ 1
= Jim SUp=[SUpIX(t +8 + 7.t + 8, X(t +5. £ X)) IN(t +6 + ) h(t + )
-0+

>0

— supix(t + 7, t, X)|h(t + 7) "th(t)]

>0
1
= lim sup=[sup|x(t + . t, x)|h(t + 7)"th(t + §)
§—0+ 8 >8

— sup|x(t + 7, t, X)|h(t + 7)"th(t)]

>0

< 8Iin3+ sup%[sumx(t + 7, t, X)|h(t + v)"tht)(h(t + 8)ht) ™t — 1)]

>0
< lim sup}[h(t +8ht)™ —1]V(t, x)
§—0+ b}

_ho
~ h()
Since, for smalb > 0,
V(t+8x+8f(1x) -V, X) <|V(E+38,x+38f(, X)) — V(438 x(t+6,t, X))
+ IVt +38,x(t+65,1,x) —V(t, X)]|
<c|x+8f(t,x) —x(t +6,1t, x)|
+ |V({t+48,x(t+45,t,x)—V(, X)),

V(t, X).

it easily follows that

h'(t)
h(t)

D+V(l) (t’ X) = V(ta X)
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REMARK. Forthe system (1), Martynyuk [7] defined exponentiastability
by splitting the vectok € R" into two subvectog, e R", i = 1,2, ny+n, =
2. If we adapt his conditions in Theorem 1 [7], we can obtain the following.

THEOREM 2.5. Suppose that there exists a functignt, x) € C(R™T
xR", R*) which is locally Lipschitzian irk and a positive bounded contin-
uously differentiable functioh(t) onR* satisfying the following properties

(i) There exist a strictly increasing functitmon R* with b(0) = 0 and
two positive constantl, y such that

NIx|” < V(t, x) <b(x]), (t,x)eR" xR"
(i) For the solutiorx(t) of (1) through(ty, Xo) We suppose that
D*Vy(t, x) <OV (E, %), (¢, x) € RT xR".

Thenx = 0 of (1) is hS.

Proof. Let x(t, to, Xo) be any solution of (1). As a consequence of (ii), we
obtain

t h/(S)

_ -1
. h(S) ds= V (to, Xo)h(t)h(to) .

V(t, X(t, to, X0)) < V (1o, Xo) €XP

From the condition (i) we have
IX(t. to. Xo)| < N7 b(Ixo)*h(t)"h(to) 7, t>1o> 0.
For everye > 0 we can choose

8§ =b ' (Ne”) > x| = =, c > 1.

&
c
Then we have
1 _1 _
IX(t, to, Xo)| < eh(t)"h(to) 7 < clxlHMH )%, X0l <6,
where H(t) = h(t)% is a positive bounded continuous function &1. O

Now, the following theorem can be easily obtained.
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THEOREM 2.6. Suppose that(t) is a positive bounded continuously dif-
ferentiable function ofR*. Furthermore assume that there exists a function
V (t, X) satisfying the following properties :

() V e C(RT x R", R™) andV (t, x) is Lipschitzian inx for eacht € R*.

(i) x| =V, x) <clx|, (t,x)eR" xR"

(i) DTV (t, x) <h'®Oh®) IV, x), (t, x) e Rt x R".

Thenx = 0 of (1) is GhS.

Proof. As in the proof of Theorem 2.8, we obtain
IX(t, to, Xo)| < Clxolh(Hh(t)) ™, t>=1t >0,
whenevelXxg| < oo.

REMARK. If h'(t) = 0 in Theorem 2.6, them = 0 of (1) is uniformly
Lipschitz stable, i.e., there exist > 0 ands > 0 such that

IX(1)| < M|Xg| whenevelxg| < § andt > tg > 0.
We consider the perturbed system of (1)
(P) y=fty+g9ty

whereg € C(RT x R",R") andg(t,0) = 0. The following theorem is
motivated by [1, Theorem 3.2] and can be proved by Liapunov’s second
method and the comparison principle. O

THEOREM 2.7. Let x = 0 of (1) be GhS. Suppose that the perturbation
term satisfies

9t VI =A2®lyl, t=t=0, |yl < oo,

where) € L1(R").
Theny = 0 of (P) is GhS.
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Proof. By Theorem 2.4 there exist functiohNgt, x) andh(t) having the
three properties in that theorem. We have

D*Vp (t,y) < D"V (t, y) + clg(t, y)|

YOV, v+l
< oV

- [h/(t)
~ T h

+ A®]clyl.

We apply the comparison principle, where

h'(t)
h(t)

w(t,u) =[ + A(H)]cu.

Let y(t, to, Yo) be a solution of (P) such th&t(tg, Yo) < 2Cup, Ug > 0. Then
the maximal solution of the scalar equation

u =wt,u) = [T]((tt)) + A()]cu,  u(tg) = 2cug
is
t w t
u(t, to, Ug) = Ug exp(c/ h (S)ds) exp(cf A(S)dSs)
to h(S) to

t
= ug(h(t)h(to) "H)® exp(c f A(s)ds)

to

< C|y0|H(t)H(t0)*1, H(t) =h®)° C = exp(c/oo A(s)ds).

to

Hencey = 0 of (P) is GhS. O
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